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1. Introduction 

. The Yamabe flow has been proposed by R.Hamilton [T8| in the early 

^ ! 1980s as a tool for constructing metrics of constant scalar curvature 

in a given conformal class of Riemannian metrics on a manifold of di- 
0> ■ mension no less than three. There are some interesting results of the 

^ . Yamabe flow on closed manifolds. For the case when the initial metric 

2 i is locally conformally flat and has positive Ricci curvature, B.Chow (TU] 

Q I has proved that the normalized Yamabe flow converges to a metric of 

constant curvature on closed manifolds. Then R.Ye [29] has improved 
B. Chow's result, by assuming only that the initial metric is locally con- 
^ I formally flat, that the normalized Yamabe flow converges to a metric 

^ I of constant scalar curvature on closed manifolds in this case. Recently, 

S.Brendle [3] has proved that the normalized Yamabe flow converges to 
a metric of constant scalar curvature on closed manifolds if the initial 
metric is locally conformally flat or 3 < n < 5, where n is the dimen- 
sion of the manifold. For other recent works of Yamabe flow on closed 
manifolds, one may see [1] and 

Precisely, in this paper, we consider the Yamabe flow {M", g{t)),t G 
(0, T), satisfying 

(1.1) 1^-.. 
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on a complete locally conformally flat Riemannian manifold (M", g{0)), 
n > 3, where g{t) evolves in the conformal class of the given metric 

4 

g{0), i.e. g(t) = u{t)'^ g{0) for u{t) being a positive smooth function 
on M", and R is the scalar curvature of g(t). 

By using the Ricci flow and the Yamabe flow as tools, there are 
some interesting Myers-type results, which state that if a complete 
manifold with bounded curvature satisfies a pinching condition, then 
this manifold must be compact. B.L.Chen and X.P.Zhu [9], by using 
Ricci flow, have firstly proved that if M"- is a complete n-dimensional 
Riemannian manifold with positive and bounded scalar curvature and 
satisfies the pinching condition 

\W\'' + \V\^ <5r,il-e)\U\^ 

where W, V, U are the Weyl part, scalar curvature part and traceless 
Ricci part of the Riemannian curvature tensor respectively and ^4 = |, 
^5 = 1^) i^n = (n-2Xn+i) ' > 6, 6 > is a coustaut. When n = 3, they 
have also proved if is 3-dimensional complete Riemannian manifold 
with bounded and nonnegative sectional curvature satisfying the Ricci 
pinching condition 

Rc > eRg > 0, 

where e > is a constant, then must be compact. Then L.Ni and 
B.Q.Wu [23] have improved B.L.Chen and X.P.Zhu's result for n > 4 
and have proved that if is an n-dimensional complete Riemann- 
ian manifold with bounded curvature operator satisfying the pinching 
condition 

Rm > 6Ri > 0, 

where 5 > is a constant and Rj is the scalar part of the curvature 
operator Rm, then M" must be compact. In the recent interesting 
work [6], S.Brendle and R. Schoen have proved if M", n > 4, is an 
n-dimensional complete Riemannian manifold with bounded curvature 
operator satisfying the pinching condition 

Rm{ei, 63, ei, eg) + X^Rm{ei, 64, ei, 64) + n^Rm{e2, eg, 62, 63) 
+A^/i^i?m(e2, 64, 62, 64) — 2\fiRm{ei, 62, 63, 64) > 6R > 

for all orthonormal four frames {61,62,63,64} and all A,/i G [—1,1], 
where 5 > is a constant and R is the scalar curvature, then 
must be compact. In \T6\, H.L.Gu has proved that, by using the Yam- 
abe flow, if {M"',g), n > 3, is an n-dimensional complete locally con- 
formally fiat Riemannian manifold with bounded Ricci curvature and 
nonnegative sectional curvature satisfying the Ricci pinching condition 

Rc > eRg > 0, 
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where e > is an uniform constant, then M" must be compact. 

We remark that all the results above need the condition that M"- has 
nonnegative sectional curvature (or positive curvature operator). This 
assumption gives a nature injectivity bound needed in the convergence 
theorem, which also needed to apply dimension reduction techniques 
(see [20]). Without this assumption, we meet the difficult conjecture 
of R.Hamilton, which states that if is a 3-dimensional complete 
Riemannian manifold satisfying the Ricci pinching condition 

Rc > eRg > 0, 

where e > is an uniform constant, then must be compact (see 
0). 

In this paper, we prove the following result which partially confirms 
the conjecture of R.Hamilton on 3-dimensional locally conformally flat 
manifolds. 

Theorem 1.1. If {M"',g), n>3, is an n- dimensional complete locally 
conformally flat Riemannian manifold with hounded Ricci curvature 
satisfying the pinching condition 

Rc > eRg > 0, 

where e > is an uniform constant, then must be compact. 

Remark 1.2. Note that by the strong maximum principle. Theorem 
11.11 is equivalent to say that if {M"-,g), n > 3, is an n-dimensional 
complete noncompact locally conformally flat Riemannian manifold 
with bounded Ricci curvature satisfying the Ricci pinching condition 
Rc > eRg and -R > 0, where e > is an uniform constant, then M" 
must be fiat. 

2. PRELIMINARIES 

We shall recall some basic formulae and convergence results con- 
cerning with the Yamabe flows. Similar results for the Ricci flow are 
well-known. 

We ffist recall some formulae from the fundamental paper [lOj (see 
Lemmas 2.2 and 2.4). 

Lemma 2.1. // (M", (^(t)), n > 3, is the solution to the Yamabe flow 
U.l\) on an n-dimensional complete locally conformally flat Riemann- 
ian manifold, then 



(2.1) 



R^ = [n- 1)AR + R^ 
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and 

(2.2) dtRi-j = {n- l)ARi, + ^^Bij, 

where 

Bij = {n- l)\Ric\^gij + nRRij - n{n - l)Rfj - R'^gij. 

As pointed out in pEj, we can rewrite the equation (12 ■2p for Rc as 

dtRc ={n- l)ARc + Rc* Rc, 

where Rc * Rc stands for any hnear combination of tensors formed 
by contraction on Rij ■ Rm- Notice that the evolution for Rc along the 
Yamabe flow has the same form as the evolution for Rm along the Ricci 
flow. Techniques similar to Shi's in [27] can be applied to the Yamabe 
flow as well, and we can show that all the covariant derivatives of Rc 
are locally uniformly bounded on (0,T) if \Rc\ is bounded on [0,T). 
Hence, all the covariant derivatives of the Riemannian curvature Rm 
are uniformly bounded on (0,T) if \Rc\ is bounded on [0,T) in the 
locally conformally fiat Riemannian manifolds under the Yamabe flow. 
Similarly, techniques similar to Shi's in [26] can also be applied to the 
Yamabe flow, and we have that there exists a solution to the Yamabe 
flow on noncompact locally conformally flat Riemannian manifolds with 
bounded Ricci curvature in some time interval [0,T) (see [Ij). 

It is well known that the singularity analysis plays the important role 
in the study of geometric flows. To study the singularities of geometric 
flows, one often dilates about a singularity based on the blow up rate of 
the curvature. Note that the curvature bound is immediately satisfied 
for the blow up about a singularity, but the injectivity radius bound is 
not. Especially, it seems hard to get the injectivity radius bound with- 
out extra conditions along the geometric flows in noncompact mani- 
folds, since the injectivity radius may not has uniformly lower bound 
at the initial time. In order to handle this problem, we shall use the 
method firstly proposed by K.Fukaya [i3\ in metric geometry and later 
by D.Glickenstein [TJ] to the Ricci flow. The latter work gives a kind 
of precompactness theorem ([U], Theorem 3) of the Ricci flow with- 
out injectivity radius estimates. We note that Fukaya-Glickenstein's 
theorem also holds for the Yamabe flow. The reasons are below. 

First we need an elementary fact in Riemannian geometry and one 
can find a proof in [21]: Let {M^,g) be a complete Riemannian mani- 
fold with bounded sectional curvature |sec| < 1. Given a point p G M". 
Denote the exponential map by expp : TpM^ — )■ M" with B{o, it) C 
TpM^ equipped with metric exp*g. Then the injectivity radius at o in 
B{o, n) has its lower bound that inj(o) > |. 
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So we have the following precompactness theorem for the Yamabe 
flow. 

Lemma 2.2. Let {{Ml", gi{t),Xi)}°Zi, t G [0,T], be a sequence of 
the Yamabe flows on the complete locally conformally flat Riemann- 
ian manifolds such that 

sup |i?m(^i(t))|g^(j) < 1. 

Let (pi = expx^,g^{o) be the exponential map with respect to metric gi{0) 
and B(oi,^) C T^^Mi equipped with metric ]]i{t) = (j)*g{t). Then 
{B{oi,^),gi(t),Oi) subconverges to a Yamabe flow {B{o,^),g{t),o) in 
sense, where B{o, ^) C M" equipped with metric g{t). 

Proof. Since gi{t) = (f)*g(t), we have 

sup \Rm{gi{t))\g^(t) <l- 

B(o„f)x[0,T] 

As we mentioned before, Shi's local derivative estimates of curvature 
operator also hold for the Yamabe flow on complete locally conformally 
fiat manifolds. Note that we also have inj{oi,^i(0)) > |. Then the 
result follows from the proof of Hamilton's precompactness theorem 
for the Ricci flow (see [19]). □ 

Next we recall the following two definitions in [T5] . 

Definition 2.3. [15j A sequence of pointed n-dimensional Riemann- 
ian manifolds {{Ml", gi,Xi)}^^ locally converges to a pointed metric 
space (X, d, x) in the sense of C°°-local submersions at x if there is a 
Riemannian metric 'g on an open neighborhood V C M" of a, a pseu- 
dogroup r such that the quotient is well defined, an open set U C X, 
and maps (fi : (V, o) — )■ (Mj, Xi) such that 

(1) {(Mf, (yfj, Xj)}^]^ converges to {X,d,x) in the pointed Gromov- 
Hausdorff distance, 

(2) the identity component of F is a Lie group germ, 

(3) {V/r,dg) is isometric to {U,d), where dj is the induced distance 
in the quotient, 

(4) is nonsingular on V for all i & N, and 

(5) 'g is the C°° limit of (p*gi (uniform convergence on compact sets 
together with all derivatives). 

Definition 2.4. [15j A sequence of pointed n-dimensional Riemannian 
manifolds {(M", gi, Xi)}°l^ converges to a pointed metric space (X, d, x) 
in the sense of C°°-local submersions if for every y & X there exist 
yi G Mi such that {{Ml^ , gi, yi)'^^} locally converges to {X,d,y) in the 
sense of C°°-local submersions at y. 
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Note that there exists subsequence {{Mi^, gi^(t),Xi^)}'^^-^ converges 
to {X,d{t),x) for each t G [0,T] in Gromov-Hausdorff distance by 
\Rm{gi(t))\g-(^t) < 1 and Theorem 19 in [15j. In fact 0j = expxi,gi{o) in 
Lemma [2.21 defines a 'locally' covering map between -B(oj, |) C T^^Mi 
and |) C Mj. This defines pseudogroups Fj acts isometrically 

on on i?(o, |)(see [13], P.9 or [15], §5). Furthermore, Fj converge 
to a limit pseudogroup F (see see [l^, P.9) such that (-B(oj, |), Fj), 
where _B(o, ^) C 5(oj,|), converges to (i?(o, ;|),F) in the equivari- 
ant Gromov-Hausdorff distance(see [13], Definition 1.9), and hence 
B{oi,\) /Vi converges to B{o,\)/V in the Gromov-Hausdorff distance 
(see [13], Lemma 1.11). Since -B(oi, |)/Fj is isometric to a neighbor- 
hood of Xj, -B(o, |)/F is isometric to a neighborhood of x. Note that 
_B(oj, i) converges to -B(o, |) in C°° sense by Lemma 1^721 So we have 
proved that (Mj, (ig.(i), Xj) converges to (X, d(t),x) in the sense of C°°- 
local submersions at x. If we identify B{oi,j) with B{o,^) by map zrf, 
then ipi = (piO id, where ipi is defined in Definition 12.31 Note that F is a 
Lie group germ by [I3], §3. Just notice that if {Mi,dg.(^t),Xi) converges 
to {X, d{t),x) in the pointed Gromov- Hausdorff distance, then for ev- 
ery y E X there exist Ui G Xi such that {Mi,dg-{t)iyi) converges to 
{X,d{t),x) in the pointed Gromov-Hausdorff distance(see [12], Propo- 
sition 12). Then {Mi,dg.(^t),Xi) converges to {X,d(t),x) in the sense of 
C°°-local submersions. 

Theorem 2.5. Let {{Ml", gi{t), Xi)}^^, where t G [0,T], be a sequence 
of pointed solutions to the Yamahe flows on the locally conformally flat 
Riemannian manifolds such that 

sup \Rm{gi{t))\g^^t) < 1, 
x[o,r] 

and for all i E N and t G [0, T] . 

Then there is a subsequence which still denote by {(Mj, (^^(t), Xj)}^;^ 
and a one parameter family of complete pointed metric spaces (X, d{t),x) 
such that for each t G [0,T], {Mi,dg.(^t),Xi) converges to {X,d(t),x) in 
the sense of C°°-local submersions and the metric g{t) in definition \2.3\ 
is solution to the Yamabe flow. 

Remark 2.6. In fact, Fukaya-Glickenstein's theorem holds for any se- 
quence of geometric flows {(Mf, (yfj(t), Xj)}^]^, || = h{g) satisfying 
h{gi(t)) < C, \Rm{gi{t))\g-(^t) < C on [0, T) and Shi's local derivative 
estimates of curvature operators hold. 

Note that the limit space (X, d{t)) is an Alexandrov space, since the 
sectional curvature of Mj has a uniformly lower bound. Finally, we 
need the following theorem which can be found in Theorem 3.6. 
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Theorem 2.7. [7] Let M be a complete Alexandrov space with curvature 
> K, K >0. Then diam{M) < 



3. Singularity model of the Yamabe flow 

Recall that R.Hamilton [20] has proposed the singularity models which 
classify all the maximal solutions to Ricci flow into three types. We 
note that the same classification can be applied to the Yamabe flow; 
every maximal solution to the Yamabe flow on locally conformally flat 
manifolds with nonnegative Ricci curvature is of only one of the fol- 
lowing three types: 

Definition 3.1. Suppose that {M^,g{t)) is a solution to the Yam- 
abe flow on a locally conformally flat manifold with nonnegative Ricci 
curvature. If T < oo, we say that the solution forms a 

(1) Type I singularity if sup (T — t)R < oo, 

Mx[0,T) 

(2) Type Ila singularity if sup (T — t)R = oo. 

Mx[0,T) 

Similarly, if T = oo, we say that the solution forms a 

(1) Type lib singularity if sup tR = oo, 

Mx[0,oo) 

(2) Type III singularity if sup tR < oo. 

Mx[0,oo) 

For any maximum solution to the Yamabe flow on a locally confor- 
mally flat manifold with nonnegative Ricci curvature, we have that if 
the inflmum of injectivity radius p{t) at all points satisfles p{t) > — ^==, 

where c > is a uniform constant and M{t) denotes the supremum of 
the curvature at time t, then there exists a sequence of dilations of the 
solution which converges in the limit to one of the following singularity 
model of the corresponding type (see [20]) in the sense of Deflnition 13.21 
below. 

Definition 3.2. Suppose that {M^,g{t)) is a limit solution to the 
Yamabe flow on a locally conformally flat manifold with nonnegative 
Ricci curvature. We say that the limit solution is 

(1) Type I limit solution if it exists for — oo < t < f2 for some 
constant with < i7 < +oo and R < everywhere with 
equality holds somewhere at t = 0, 

(2) Type II limit solution if exists for — oo < t < +oo and R < 1 
everywhere with equality holds somewhere at t = 0. 
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(3) Type III limit solution if it exists for —A < t < +00 for some 
constant A with < A < +00 and R < with equality holds 
somewhere at t = 0. 

As we mentioned before, the injectivity radius lower bound may not 
be available in the sequence of dilations of the maximal solution to 
the Yamabe flow on complete and noncompact manifolds. Hence the 
singularity model in Definition 13.21 may not suitable for our original 
Yamabe flow. However, we shall show how to use Theorem 12.51 to 
avoid the assumption of uniform injectivity radius bound in the next 
section. 

In order to prove Theorem 11.11 we need a local version of a result 
proved by H.L.Gu [H], which is based on the B. Chow's Harnack in- 
equality [To]. 

Theorem 3.3. Let D C M" he a simply connected open domain of a 
complete n-dimensional locally conformally flat Riemannian manifold 
such that B. Chow's Harnark inequality and the strong maximum prin- 
ciple for the Harnark quantity Z of the Yamabe flow (see liS. hold 
true on D. Then any Type III limit solution with positive Ricci cur- 
vature to the Yamabe flow on D G is necessarily a homothetically 
expanding gradient soliton. 

Proof. We follow the argument in [16] and assume that D = M with- 
out loss of generality. We may assume that, after a shift of the time 
variable, the Type III limit solution of the Yamabe flow on locally con- 
formally fiat manifolds is defined for < t < +cxd, where tR achieves 
its maximum in space-time. Recall that B.Chow [10] has proved the 
following Harnack inequality 

dR 1 R 

(3.1) Z = — + <VR,X> +- TrRijX'X^ + - > 0, 

ot 2{n — 1) if: 

for the Yamabe flow on the closed locally conformally fiat manifolds 
with positive Ricci curvature. We remark that by the same proof and 
by using the maximum principle, this Harnack inequality clearly holds 
for the Yamabe flow on the complete locally conformally fiat manifolds 
with nonnegative and bounded Ricci curvature. 

Since tR achieves its maximum at some (xq, to), (13. ip vanishes in the 
direction X = at (xq, to). By the strong maximum principle (see [12] . 
Lemma 3.2), we know that at any t < to and any point x G M", there 
is a vector X G T^M^ such that Z = 0. Take the first variation of Z 
in X, we get 

(3.2) ViR + -^—RiiX^ = 0. 

n — 1 
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We remark that for (Rij) > 0, the equation above uniquely determines 
a vector field X. 

Substituting fl3.2p into Z = 0, we have 

We now denote dt - {n - 1)A by □. Applying ^X'D to ([12]), □ to 
(13.31) and then take the sum, we have 

x'n{v.R) + ^^J_^^ x'x^nR,, - VkR,,{VkX^)x' 

dR R 

(3.4) - (n - 1) VfcV.i? ■ VkX' + □(— + y) = 0. 
We also have 

□(V,i?) = V,(ni?) - (n - l)i?,;V,i? 

(3.5) = Vi(i?2) - (n - l)i?izVii?. 

By Lemma 3.8 in ^lOj, we get 

ap p 1 

□ (^ + y) =3(n - 1)RAR + -{n - 1)(2 - n)\VR\^ 

R? R 

(3.6) + 2i?3 + _ _ _. 



X*(V,(i?2) - (n - l)i?,;V,i?) + — ^^j—^X'X^Bij 



Substituting (Q, (ESD and dM]) into (jM]), we get 

1 

2(n - l)(n - 2) 
- Vfc%(VfcX^)X* -{n- l)VfcV,i? ■ VfcX^ 

+ 3(n - l)i?A/? + i(n - 1)(2 - n)|Vi?P 

(3.7) + 2/?3 + :^ _ I = 0. 
It follows from (13. 2 p that 

(3.8) V,V,i? + -^{VuR^J)X' = ^—R^^VkX' 

n — 1 n — 1 

and 

(3.9) X'RiNiR + ^-i?,;i?,,X*X^^ = 0. 

n — 1 
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We also have 
(3.10) 

1 H 
Z={n- l)AR+ < VR, X > +— rRijX'X^ + i?2 + _ = q. 

Substituting ([31]), ^Ml and fl3TT]) into ([32D, we get 

- R(R + + — ^- rBiiX'X^ - — -RR,.X'X^ 

^ t' 2(n-l)(n-2) ^ 2{n-l) ^ 



(3.11 

-\ 

By (13. 2p . we have 



TL 

2(n - I) ^ ^ 



VkViR = ^—iX^VkR^J + RijVkX^), 

and then by taking the trace and using the evolution equation of scalar 
curvature, we get 

(3.12) i?^^.((i?+l)^^^._v,X^) = 0. 

By fIXTTD and flXT^ . we conclude that 
(3.13) 

R,,{VkX' -{R+ j)g^k){VkX^ -{R+ j)g,k) + AjX'^X^ = 0, 

where Aij = 2(n-i){n-2) ^ij + li^i'^^ii^ji ~ RRij)- 

Then in local coordinates where Qij = Sij and the Ricci tensor (Rij) 
is diagonal, we have 

J2 \{^kX' -{R+ j)giky + A.X'X^ = 0. 

i 

By [To] (3.13), we have z/^ = 2(n-i)(n-2) ^ (-^'^ ~ -^')^ where z/j is the 

k,l^i,k>l 

eigenvalue of Aij. Since Aj > 0, the theorem holds immediately. □ 

Finally, we need the following 

Theorem 3.4. [16j There exists no noncompact locally conformally 
flat Type III limit solution of the Yamabe flow which satisfies the Ricci 
pinching condition 

Re > eRg > 0, 

for some constant e > 0. 
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4. Pinching estimates 



In [lO], B.Chow proved the inequality Rij > eRgij > is preserved 
under the Yamabe flow on compact locally conformally fiat manifolds. 
Clearly his proof also works in the complete setting all curvature op- 
erator are uniformly bounded in space, at each time-slice, which can 
apply the maximum principle for complete manifolds. B.Chow [10] 
also gets the pinching estimate that Rcmax — Rcmin < CR^'"^^ (so 
\Rc - \Rg\ < CR^-""') under Yamabe flow if % > eRgij > holds, 
where C is a constant only depending on g{0). But this pinching es- 
timate may not strong enough for our purpose. In this section, we 

calculate the term — ^2=1 — directly and get an improved pinching es- 



Lemma 4.1. If {M"' , g{0)) , n>3, is an n- dimensional locally confor- 
mally flat complete Riemannian manifold and bounded Ricci curvature, 
then the following equality holds for any constant 6 under the Yamabe 



timate. 



flow (EJlj, 



{dt - - 1)A)/ 




where f 



and J 



^{n{n-l)tr{Rc^)+R^-{2n-l)R\Rc\^). 



Proof. By (ES]) and \Rc 



= 9 



'^^g^^RijRku we have 



dt\Rc\^ 



2g''g^\dtRij)Rki + 2Rg''g^'R,jR,i 

(n - l)A\Rc\^ - 2{n - l)\VRc\^ + 6 

2 „ 2n(n- 1) 
R3 V J. p„3n 



n — 1 



n-2 



R\Rcf 



From (12. ip . we get 



dtR^ = (n- 1)AR^ - 2{n - l)|Vi?|^ + 2R\ 
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Hence 

dt{\Rc\' -Ir') = {n-imRc\'-lR')-2{n-l){\VRc\'-UvR\') 

lb lb lb 

n-2 ' ' n' n-2 ^ ' 

Now we denote 5^ — (n — 1)A by □. So we have 

□/ = ^' -(2-^) ' '^3_; Di^ 

-(2-<5)(3-5)(n-l)^?^tz^|Vi?r 



where 



^^"^ \vRc\^-l\VR\^) 



-(2-<5)(3-<5)(n-l)^t;i?!|Vi?r 

^^-^-"^ <VR.Vi\R^-\ie)> 
contains the gradient terms and 

(4.1) = J-^(5(|i?cr-ii?2)i?-J) 
contains the curvature terms. We rewrite A as 
^ - ^ -(|Vi?c|2 - -|Vi?|2) - (2 - 5)(3 - |Vi?|2 



-(|Vi?cr - '-\VR?) - (2 - 5)(3 - ' " iVi^l 



+-^<Vi?,V(|i?cr-ii?^)> 



YAMABE FLOW AND THE MYERS-TYPE THEOREM 



13 



Since 



we get 



2(1-5) li?c|2-ii?2 

+ -l^<VR,V(\Rc\'--R')>. 

Note that 

^ |Vi?cr-2S|Vi?p+-J-. < Vi?, V|i?cr >= -^ARVRc-VRRc\ 



2 



SO we have 

< V(^ — ^-^^^x^ — ), VR > -^^\R^Rc - VRRc\ 



n-1 R ' R'^-^ " i?4 

(4.2) 

(1-5)5, ,2 1 ^2M^^,2 



(|i?cM- -i?^)|Vi?M. 

n 



Combining with (14.21) and (14. ip , we conclude Lemma 14. 1[ □ 



Next we need the following lemma to control the term J defined in 
Lemma 14. 1[ 

Lemma 4.2. // {M"',g), n > 3, is an n- dimensional complete locally 
conformally flat Riemannian manifold and bounded Ricci curvature sat- 
isfying Re > eRg > 0, then we have the following inequality holds 

J > -neR(\Rc\'^ - -R^), 
3 n 



where J is defined in Lemma \4-1\ 
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Proof. Let Aj be the eigenvalues of Rc and assume > A^-i > • • • > 
Ai- Then we compute 



^ J ^n{n -1)Y: a? + E A.)((E A.)^ - (2n - 1) E A^ 

i i i i 

^n{n -1)Y, XI + A,) (-2(n - 1) J] A,^ + 2 ^ A,A,) 

i i i i<j 

^n{n A? - 2(n - A,^ + J] A^A, + J] A^Aj) 



+ 2{J2 A.' A, + J2 A^A| + 3 E A,A, A,) 

i<j i<j i<j<k 

= {n - l)(n - 2) 5^ A^ - 2(n - 2)(5] A,U, + J] A,A|) 

i i<j i<j 

+ 6 E AjAjAfc 

i<j<fe 

=2 E (Afe(Afe — Aj)(Afc — Xj) + Xj{Xj — Aj)(Aj — A^) 

i<j<k 

+ \{Xi - Xk){Xi - Xj)) 



Note that A,- < A^ for j < k. We have 



77,-2 

-J = 2 E (Afc(Afc — Aj)(Afc — Xj) — Xj{Xj — Aj)(Afe — Xj) 



2 

i<j<k 



+ Xi{Xk - Xi)(Xj - Xi)) 
> 2 E (Afc(Afc — Aj)(Afc — Xj) — Xk{Xj — Aj)(Afc — Xj) 

i<j<k 

+ Xi{Xk - Xi){Xj - Xi)) 
>2 J2 {Xk{Xk-Xj)^ + Xi{Xj-Xi)^). 

i<j<k 
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Since Aj > eR for any i and {\k — XjY + {\j — XiY > \{{^k — ^jY + 
(Afc - Xif + (Aj - \if), we get 

j<jr<A; 



3 

= -e{n-2)nR{\Rc\^ --R^). 
3 n 

Hence Lemma [4.21 holds immediately. □ 

Finally, we get the following improved pinching estimate. 

Theorem 4.3. If {M"' , g{0)) , n > 3, is a n- dimensional complete lo- 
cally conformally flat Riemannian manifold and bounded Ricci curva- 
ture satisfying Rc > eRg > 0, then the following inequlity holds under 
the Yamabe flow U.l\) 



where f is defined in Lemma \4.1\ and 5 — 



'3r 

1 A = 

3 



Proof. The assertion is trivial if [M'^.,g{t)) is Einstein at some time. 
Now by Lemma 14.11 and 14. 2[ we have 

dtfit) <{n- 1)A/ + ^ ^ < V/, VR > -ntRf. 

Since Rc > 0, clearly / < R^. So we get 

dj{t) <{n- 1)A/ + '^(^-^^i^-^) < V/, VR > -nef'^i. 
Hence Theorem 14.31 follows from maximum principle immediately. □ 
5. PROOF OF Theorem 11.11 



Before presenting the proofs Theorem II. H we give some remarks. 

First, as we mentioned before, it is hard to control the injectivity 
radius uniformly in the sequence of dilations of the maximal solution 
to the Yamabe flow on noncompact manifolds without extra condi- 
tions. Note that the curvature bound is satisfied for the sequence of 
dilations in all the singularity models. Hence, by Theorem 12. 5[ we 
have {Mi, gi{t),Xi) with positive Ricci curvature subconverges to metric 
space (X, d(t),x) in the sense of C°°-local submersions for the sequence 
of dilations in all the singularity models. We have a neighborhood 
V C M" of with metric 'gv{t) is the solution to the Yamabe flow, and 
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{V,'gvit)) modulo an isometric pseudogroup action Ty is isometric to 
a neighborhood V of x in the hmit metric space {X,d{t)). Moreover, 
there are maps (fi : (V, o) — i- {Mi,Xi) such that 'gv is the C°° hmit of 



Note that one difficulty in applying the methods in the proof of 
Theorem 11.11 is that we may not apply the weak maximum principle 
directly on V. Fortunately, we can apply the weak maximum princi- 
ple on {M,gi{t)) and get the Harnack inequality Z{gi) > and then 
Z{ip*gi) > 0. Since ^ is the C°° limit of (p*gi, we still have Harnack 
inequality holds on (V,^(t)). Similarly, Theorem 14.31 also holds on 



Second, we need to establish the strong maximum principle for the 
Harnack quantity Z in V. Suppose that Z is positive for all Y G T^^V 
at t = for any given point y E V. Let fl C V he a connected open 
set such that is a compact manifold with smooth boundary and fl 
contains both xq and y. We can find a nonnegative function / on 
with support on fi so that /(xq) > and Z > X for all Y G T^V for 

all X G fi at to- Let / evolves as 



By the scalar strong maximum principle, we conclude that / > on 
fi X {to,T]. Since {dt - (n - 1)A)Z > -fZ(see [ID], (3.14)), we get 
{dt - (n - 1)A){Z - {i)> -j{Z - ^) on fi X [to,T]. Moreover, since 
Z > 0, we have Z > on fix {to}U(9fix [to, 7"]. By the weak maximum 
principle, we have Z > ^. So Z is positive for all Y G Tr^V for x G fi 
for any t > to. 

Third, the arguments below show the relation between the Riemann- 
ian neighborhood above the different points in limit space X, i.e. we 
show that they always have the subset locally isometric to each other 
if the intersection of their projection is not empty. By Theorem 12. 5[ 
we know that for all y E X there exist yi G Mj such that (M", giit),yi) 
locally converges to {X,d{t),y) in the sense of C°°-local submersions 
at y. Again, we emphasize that the above conclusion holds because 
of Proposition 12 in |15j. Then we have a neighborhood U C M" of o 
with metric 'g{t) being the solution to the Yamabe flow, and {U,^{t)) 
modulo an isometric pseudogroup action Tu is isometric to a neigh- 
borhood U' of y in the limit metric space {X,d{t)). Now we assume 
W' = U' nV j^d) and deflne nu : U ^ U' , ny : V ^ V. By the defl- 
nition of the Gromov-Hausdorff distance, there is a Gromov-Hausdorff 
approximation map : X — )■ Mj such that ipiiW) converges to W. 




in fi X [to,T], 
on dVt X [to,T]. 
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Clearly gu\^-ny^„^ and gv\^-\w') C°° limits of {'^u)*9iU,{W') 

and {LpY)*gi\^-(w')- Hence, t:^^{W') is locally isometric to T^y^iW'). 
With the preparations above we now give the proof of Theorem 11.11 
Proof of Theorem ll.il Since the sectional curvature is bounded at 
the initial time t = 0, the Yamabe flow has a solution on the complete 
non-compact manifold M" in some time interval [0,T). 

If the singularity is of Type I, Type Ila, Type lib. Just as [20j, we 
can take a sequence {xi,ti) and define the pointed rescaled solutions 
{M'"',gi{t),Xi), t e {ai,0] by letting gi(t) = Qigiti + Q~^t), where 
Qi = R{xi,ti) and = —tiQi, such that 

for all X G M", t G (ai,0], 



and 



tiQi 

Since the Weyl tensor of M" is vanishing and Rc > 0, then we get 

sup \Rm\g-{x,t) < C. 

Mx{-tiQi,0] 



By theorem 12.51 we have {Mi, gi{t), Xi) subconverges to metric space 
{X,d{t),x) in the sense of C°°-local submersions. Hence we have a 
neighborhood V C M" of o with metric gvit) is the ancient solution 
to the Yamabe flow, and {V,'gv{t)) modulo an isometric pseudogroup 
action Fy is isometric to a neighborhood V of x in the limit metric 
space {X,d{t)). Moreover, there are maps (pi : (V, o) — )■ {Mi,Xi) such 
that ^ is the C°° limit of ip*gi. Hence \Rg^{o,0)\ = 1. Applying 
Theorem 14.31 on time interval [— a,0], we get 

(5.1) (|ficP-lfi^)(gF(0))< ^";'g°" . 

n (3a) 3 

Since 'gvit) is an ancient solution, letting a — t- oo, we get (|-Rcp — 
^R^){'gv{0)) = 0. Then this implies Rcg^{o) = ci > in V. Since the 
Weyl tensor of 'gv is vanishing, we conclude that secg^(o) = C2 > in 
V. 

By Theorem 12.51 we know that for all ?/ G X there exists Ui G 
for each such that (Mf, gi{t),yi) locally converges to (X, d{t),y) in 
the sense of C°°-local submersions at y. Then we have a neighborhood 
U C M" of o with the metric 'gu{t) being the ancient solution to the 
Yamabe flow, and {U,'gu(t)) modulo an isometric pseudogroup action 
Tu is isometric to a neighborhood U' of y in the limit metric space 



18 



LI MA, LIANG CHENG 



(X, d{t)). Now we assume W = U' nV ^(J} and define ttu : U ^ U', 
vTv : V" — !■ v. As we noticed before, 7i^^{W') is locally isometric to 
TTy-^iW'). Then secg _i^^,^(o) = secg _i^^,^(o) = C2 > 0. Now repeat the 

same arguments before, we can conclude sec^y(o) = secg^(o) = C2 > 0. 

Hence clearly we have for all the point in X there exists a neigh- 
borhood isometric to a Riemannian neighborhood, which has constant 
curvature, modula a pesudogroup action. Furthermore, the curvature 
Riemannian neighborhood in different point has the same value C2 > 0. 
Then X is an Alexandrov space with curvature> C2 > by the Corol- 
lary in [7] (see §4.6, in Page 16). Then X must be compact by Theorem 
12.71 which is a contradiction. 

If the singularity is of Type III, i.e. sup tR < oo. Set A = 

Af x[0,oo) 

limsuptM (t), where M{t) = sup R{x,t). By B. Chow's Harnack in- 

equality fl3.ip and taking X = 0, we get §i{tR) > 0. Hence we have 
A> 0. So we can take a sequence {xi,ti) such that — )■ oo and Ai = 
tiR{xi,ti) — )■ A. Define the pointed rescaled solutions {M", gi(t),Xi), 
t G {-URi, oo), by gi{t) = Qtgiti + Qj^t), where Qi = R{xi,ti). For 
any e > we can find a time r < oo such that for t > r and any 

tR{x,t) <A + e. 

Then we have 

Ra (x, t) < — -— 

for all xeM'^te oo) and 

i?3,(x„0) = 1. 

Set (pi = expxi,gi{o) and i?(oj, |) C T^-M equipped with metric 

9i{t) - 4>igi{t)- By LemmaESI we get {B{oi, ^),gi{t),Oi) subconverges 
to a Yamabe flow {B{o, ^),g(t),o) in C°° sense. Hence 

/ , A 
%w(x,t) < 

for all X G B{o, f ), t G {—A, oo) and 

%(t)(o,0) = 1. 

Then by Theorem 13. 3^ we conclude that {B{o, ^),git)) is an expand- 
ing soliton of Yamabe flow, i.e. there is smooth vector field satisfying 
VfcX* - {R+ \)gik = 0. Moreover, X is the unique solution of the 
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equation 

(5.2) ViR + -^—RiiX^ = 0. 

n — 1 

We use the arguments due to A.Chau and L.F.Tam [8] (see Theorem 
2.1) to show the injectivity radius of Xj have the uniformly lower bound 
with respect to gi{0). By our assumptions on the positivity of Ricci 
curvature, we may then let W{i) G TM be the unique solutions to (15.21) 
on {M"-,gi(t)) for any i. Set V{i) = (j)*W{i). Then V{i) converges to 
X in the C°° sense. 

In some coordinates of i?(o, |), the integral curves of — X(-,0) 
(i.e. the vector field X at time t = 0) are given by the following 

where Aq > c > are the positive eigenvalues of {R+j)g{-, 0), |-F(x)| = 
0(|xp) and |(iF(x)| = 0(|a;|). For any e > 0, there exists sufficient 
larger i and < ri < | such that the integral curves of —V{i){-,0) is 
given by 

with |G' -F\ + \dG' - dF\ < e in BgXo,ri). 

Let x(r) be an integral curve of —V{i){-,0) in Bg.{o,ri). Set |x| < 
r2 < ri, where r2 is to be determined later. We calculate 

-^|xp < -2c|x|2 + |G*||x| 



dr 



< -2c|xp + e|x| + Ci|x| 



3c, 



< - — Ixl"^ + e|x|, 

where Ci > is a constant only depending on F and r2 < Then 

if Y < |x| < r2, we have ^ja^P < if e is sufficient small. Hence for i 
large enough any integral curve of —V{i){-, 0) starting in Bg-{o, will 
stay inside Bg^{o,r2). 

Now Let x(r) and ?/(r) be two integral curves of —V{i){-,0) inside 
Bg-{o,r2). Then we calculate 

-r\x - < -2c|x - + llc/G^lllx - 



dr 



< — c|x — yp. 



Hence 

(5.3) \x — y\{r) < exp(— cr)|x — ?/|^(0) <4r2exp(— cr) 
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Set ?/(r) = x(r2— Ti+r). Then we have |x(ri)— y(ri)| = \x{ti)—x{t2)\ < 
4r| exp(— CTi). Hence x{t) converges to a point xq G Bg.{o,r2). By 
(15.31) . we conclude that ?/(r) also converges to Xq. 

Next we show 0j is injective on Bg-{o,r2) for z sufficient large, which 
imply that inj{gi{0),Xi) > r2- Otherwise, there exist two points pi 7^ 
P2 e Bg.{o,r2) such that = 0i(p2) = <? e M". Let 71 and 72 be 

two integral curves for —V{i){-,0) starting at pi and p2 respectively. 
Hence 0j(7i) and 0i(72) be two integral curves for —W{i){-,0) start- 
ing at q. By uniqueness of the integral curves, we have 0j(7i(r)) = 
0j(72(T)) for all T. On the other hand, for all r, we also have 71 (t) 7^ 
72 (t) by uniqueness of integral curves. But 71 and 72 both converge to 
the point xq G Bg.{o,r2). It contradicts the fact that (p is the diffeo- 
morphism in some neighborhood of Xq. 

Then we have (M", gi{t),Xi) subconverges to a noncompact Type HI 
limit solution to Yamabe flow (an expanding soliton) with Rc > eRg > 
which contradicts to Theorem 13. 4[ 

This completes the proof of Theorem 11.11 □ 

Acknowledgement: The second author would like to thank Dr. 
Qingsong Cai for helpful discussion. 
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